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A MODULI SCHEME PARAMETRIZING BLOWUPS OF SMOOTH
PROJECTIVE SURFACES
MONICA MARINESCU
Abstract. We construct a moduli scheme F rns that parametrizes tuples
pS1, S2, . . . , Sn`1, p1, p2, . . . , pnq in which S1 is a fixed smooth surface over Spec R
and Si`1 is the blowup of Si at a point pi, @1 ď i ď n. We show that this moduli
scheme is smooth and projective. We prove that F rns has smooth divisors D
pnq
i,j ,
@1 ď i ă j ď n, which correspond to tuples that map pj ÞÑ pi under the projection
morphism Sj Ñ Si. When R “ k is an algebraically closed field, we demonstrate
that the Chow ring A˚pF rnsq is generated by these divisors over A˚pSn
1
q. We end
by giving a precise description of A˚pF rnsq when S1 is a complex rational surface.
1. Definition of the moduli problem
Let S1 be a fixed smooth projective surface over a ring R. Our goal is to construct
a space that parametrizes surfaces obtained through a series of n ordered blowups of
the base surface S1. More specifically, we focus our attention on the following objects:
pS1, S2, . . . , Sn`1, p1, p2, . . . , pnq,
where pi P Si and Si`1 is the blowup of Si at pi, for all 1 ď i ď n. We define formally
the functor F rS1, ns as follows:
Definition 1.1. Let S1 be a smooth projective surface over a ring R and n ě 0 an
integer. Consider the contravariant functor:
F rns “ F rS1, ns : SchpRq Ñ Sets
defined as follows:
‚ For any R-scheme B, an object in F rS1, nspBq is a tower of morphisms:
ΣB,n`1 ΣB,n ΣB,n´1 . . . ΣB,2 ΣB,1 “ B ˆ S1
B,
pin`1 pin pin´1 pi2
pi1p1
p2
pn´1
pn
such that the following conditions are satisfied:
(1) pi1 “ pr1 is the projection onto the first factor;
(2) for each 1 ď i ď n, the morphism pi : B Ñ ΣB,i is a section of the composed
map ΣB,i Ñ B;
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(3) for each 1 ď i ď n, the morphism pii`1 : ΣB,i`1 Ñ ΣB,i is the blowup of ΣB,i
along the locus pipBq.
Shortened notations for such a family are ΣB,ďn`1 Ñ B and pΣB,i, pii, piq
n
i“1. Notice
that although Σn`1 is not included in the latter notation, this scheme is uniquely
defined by the data given.
‚ For every R-scheme B, F rnspBq is the set of all families over B, up to isomor-
phism. An isomorphism between two families is defined as:
Θ “ pθiq
n
i“1 : pΣB,i, pii, piq
n
i“1
„
ÝÑ pΣ1B,i, pi
1
i, p
1
iq
n
i“1,
where, @1 ď i ď n, θi : Σi Ñ Σ
1
i is a scheme isomorphism that commutes with the
maps of the two families.
‚ Let B1, B2 be R-schemes and f : B1 Ñ B2 an R-morphism between the two
schemes. There exists a natural contravariant map Fpfq : F rnspB2q Ñ F rnspB1q
that assigns to each family over B2 a corresponding family over B1 by pulling back
the schemes ΣB2,i and the sections pi along f . The resulting tower of morphisms over
B1 is a valid object in F rnspB1q (this is an immediate application of Lemma 2.2 from
Section 2).
‚ The identity map id : B Ñ B on any R-scheme corresponds to the identity map
on sets Fpidq “ id : F rnspBq Ñ F rnspBq.
‚ Let B1, B2, B3 be R-schemes. Let f : B1 Ñ B2 and g : B2 Ñ B3 be R-morphisms.
Then Fpg ˝ fq “ Fpfq ˝ Fpgq. This follows from the uniqueness of pullbacks (up to
isomorphism).
Remark 1.2. Let B be a R-scheme and ΣB,ďn`1 Ñ B a family in F rnspBq. For
any point x P B, the fiber over x is a sequence Sn`1 Ñ ¨ ¨ ¨ Ñ S1, where Si`1 is the
blowup of Si at some point pi, @1 ď i ď n. Therefore, this fiber corresponds to a
tuple pS1, . . . , Sn`1, p1, . . . , pnq as the ones introduced in the beginning of the section.
Remark 1.3. For every integer n ě 0, there exists a natural forgetful map F rn`1s Ñ
F rns which sends families ΣB,ďn`2 Ñ B in F rn ` 1spBq to families ΣB,ďn`1 Ñ B in
F rnspBq, for all R-schemes B.
Remark 1.4. For every integer n ą 0, there exists a natural transformation of
functors F rns Ñ Sn1 which, for any R-scheme B, maps a family pΣB,i, pii, piq
n
i“1 over
B to pp1, p2, . . . , pnq, where pi P S1pBq is the composition map B
piÝÑ ΣB,i Ñ ¨ ¨ ¨ Ñ
ΣB,1 “ B ˆ S1
pr2ÝÝÑ S1.
2. Construction of the moduli scheme
In this section we prove that the functor F rns has a fine moduli scheme, which we
denote by F rns. We show that F rns and all the schemes in its universal family are
smooth and projective over Spec R.
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Before we start working towards our main result, note that we reserve the following
notation for the universal family over F rns:
Σn`1,n`1 Σn`1,n . . . Σn`1,2 Σn`1,1 “ F rns ˆ S1
F rns,
pin`1,n`1 pin`1,n pin`1,2
pin`1,1σn`1,1
σn`1,2
σn`1,n
Example 2.1. We start by constructing F r0s, F r1s (which represent the functors
F r0s and F r1s, respectively), and their universal families. It is easy to see that
F r0s “ Spec R, since every scheme B P SchpRq comes equipped with a structure
morphism to Spec R. By definition, Σ1,1 “ Spec R ˆ S1 “ S1:
ΣB,1 Σ1,1 B ˆ S1 S1
B F r0s B Spec R.
xpr1 pr1
xpr1 pr1–
Next, we show that F r1s – S1. Intuitively, every object in this moduli space is a
triple pS1, S2, p1q where S2 “ Blp1S1, so it is uniquely identified by the point p1 P S1.
More concretely, we need to show that F r1spBq – MorpB, S1q. The equivalence
goes as follows: for a family over B like in the figure below, the corresponding map
B Ñ S1 is f “ pr2 ˝ p1. Conversely, given a morphism f : B Ñ S1, we obtain a
section p1 “ id ˆ f : B Ñ ΣB,1 “ S1 ˆ B and ΣB,2 is the blowup of ΣB,1 along this
section:
ΣB,2
S1 ΣB,1 “ B ˆ S1
B.
pi2
pi1
pr2
p1“idˆff“pr2˝p1
The top scheme in the universal family over F r1s is Σ2,2 “ Bl△pS1ˆS1q. This follows
immediately from the figure above, considering the special case where B “ F r1s – S1
and f “ id : S1 Ñ S1:
Σ2,2 Bl△pS1 ˆ S1q
Σ2,1 – S1 ˆ S1
F r1s S1.
pi2,2 bl△
pi2,1 pr1p2,1 △
Before we give the general construction of the moduli scheme corresponding to
the functor F rns, we state and prove the following lemmas, which will be the key
ingredients in our proof:
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Lemma 2.2. Let A,B,ΣB,1 be schemes over R. Let pi : ΣB,1 Ñ B be a smooth
morphism with a section σ : B Ñ ΣB,1, and let ΣB,2 be the blowup of ΣB,1 along the
locus σpBq. Given f : AÑ B an R-morphism, let ΣA,1 and σ
˚ be the pullbacks along
f of ΣB,1 and σ, respectively. The following statements hold:
(i) The composed morphism ΣB,2 Ñ B is smooth.
(ii) The blowup of ΣA,1 along the locus σ
˚pAq, denoted by ΣA,2, is the pullback of
ΣB,2 along f .
ΣA,2 ΣB,2
ΣA,1 ΣB,1
A B
x
x
pi˚ piσ˚
f
σ
Proof. (i) We show that the morphism ΣB,2 Ñ B is smooth by proving that it is
flat, locally of finite presentation, and has smooth fibers (see [6], Tag 02K5). Affine
locally, on the level of rings, we are given a smooth morphism pi : T Ñ T 1 and
σ : T 1 ։ T a section of pi. Let I “ kerpσq Ă T 1. The blowup of Spec T 1 along I is
BlIpSpec T
1q “ ProjpT 1 ‘ I ‘ I2 ‘ . . . q.
The map σ is a section of the smooth morphism pi, which means that I is a regular
ideal. Since I is regular, then BlIpSpec T
1q is of finite presentation over Spec T
(see [6], Tag 0BIQ).
To show that ΣB,2 Ñ B is flat, it is enough to prove that pT
1‘ I ‘ I2‘ . . . q is flat
over T . We know T 1 is flat over T because T Ñ T 1 is smooth. We show inductively
that In is flat over T . By the following short exact sequence, it is enough to prove
that T 1{In is T -flat:
0Ñ In Ñ T 1 Ñ T 1{In Ñ 0.
When n “ 1, T 1{I – T , so the claim is true. For the inductive step, consider
another short exact sequence:
0Ñ In´1{In Ñ T 1{In Ñ T 1{In´1 Ñ 0.
Since I is a regular ideal, then In´1{In is a locally free finite T -module, hence it
is flat. By the induction hypothesis, T 1{In´1 is flat over T . Putting these two facts
together, we conclude that T 1{In is flat over T , completing the induction step.
Lastly, we show that the morphism ΣB,2 Ñ B has smooth fibers. By part (ii)
below, the fiber over every point x P B is:
V 1 “ BlxV V Spec kpxq,
x
where kpxq is the residue field of x. The scheme V is smooth over kpxq, hence
V 1 “ BlxV is also smooth over kpxq. With this, we conclude that the morphism
ΣB,2 Ñ B is smooth.
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(ii) We work affine locally, on the level of rings, where we have the following figure:
S 1 “ S bT T
1 T 1
S T
σS
σ
piS pi
Let piS and σS be the pullbacks of pi and σ, respectively. Let IS “ kerpσSq Ă S
1.
The blowup of Spec S 1 along IS is BlISpSpec S
1q “ ProjpS 1‘IS‘I
2
S‘ . . . q. Our claim
boils down to showing that InS “ I
n bT 1 S
1 “ In bT S. This fact follows from the
figure below. Note that T 1{In is flat over T , so tensoring the top short exact sequence
with S preserves the exactness of the resulting sequence:
0 In bT S T
1 bT S T
1{In bT S 0
0 InS S
1 S 1{InS 0.
– –

Lemma 2.3. Let A,B,C be R-schemes. Let A
h
ÝÑ C be an R-morphism that factors
as A
f
ÝÑ B
g
ÝÑ C. Given any R-morphism VC
vCÝÑ C, let VB
vBÝÑ B be its pullback along
g, and VA
vAÝÑ A be its pullback along h. There exists a unique map f 1 : VA Ñ VB
which makes the top triangle commutative and the left square cartesian.
VA VC
VB
A C
B
vA
D!f 1
h1
vC
g1
vB
h
f g
Proof. Let V 1A “ VBˆBA with f
1 : V 1A Ñ VB the associated map. Since VB “ VCˆCB
and h “ g ˝ f , then V 1A “ VC ˆC A. By the uniqueness of pullbacks, we conclude that
VA “ V
1
A and f
1 is the unique map in question. 
Theorem 2.4. The functor F rns has a fine moduli scheme F rns. Moreover, the
following is true:
(a) For every n ě 0, F rns and all the schemes Σn`1,1, . . . , Σn`1,n`1 in its universal
family are smooth and projective over Spec R;
(b) For every n ě 1, the top scheme Σn`1,n`1 in the universal family over F rns
can be identified as:
Σn`1,n`1 – Bl△pF rns ˆF rn´1s F rnsq,
where the cartesian product is induced by the forgetful map F rns Ñ F rn´ 1s;
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(c) For every n ě 0, the top scheme Σn`1,n`1 in the universal family of F rns is the
moduli scheme representing the functor F rn ` 1s. Under this identification,
the map
Πn`1 “ pin`1,1 ˝ ¨ ¨ ¨ ˝ pin`1,n`1 : Σn`1,n`1 – F rn` 1s Ñ F rns
corresponds to the forgetful functor F rn` 1s Ñ F rns.
Proof. We prove these statements inductively over n. The base case is covered in
Example 2.1. For the inductive step, assume that the moduli scheme F rks exists, for
all k ă n. Assume F rks,Σk`1,1, . . . ,Σk`1,k`1 are all smooth and projective. Here are
the steps in our proof:
(i) Let W “ Σn,n be the top scheme in the universal family over F rn ´ 1s. We
construct a family over W in F rnspW q, then show that W is the fine moduli
scheme corresponding to the functor F rns and that the family we just defined
over W is the universal family;
(ii) We show that F rns,Σn`1,1, . . . ,Σn`1,n`1 are smooth and projective, and that
Σn`1,n`1 is isomorphic to Bl△pF rns ˆF rn´1s F rnsq;
(iii) We prove that the map Πn : Σn,n – F rns Ñ F rn ´ 1s corresponds to the
forgetful functor F rns Ñ F rn´ 1s.
The first step is to construct the family over W in F rnspW q. Let Πn “ pin,1 ˝
¨ ¨ ¨ ˝ pin,n : W “ Σn,n Ñ F rn ´ 1s be the composed morphism and ΣW,ďn Ñ W be
the pullback of the universal family Σn,ďn Ñ F rn´ 1s along this map Πn (see figure
below). In particular, notice that ΣW,n –W ˆF rn´1s W . Let pW,n :“△:W Ñ ΣW,n “
W ˆF rn´1s W be the diagonal embedding and ΣW,n`1 “ Bl△pW ˆF rn´1s W q:
ΣW,n`1 “ Bl△pW ˆF rn´1s W q
ΣW,n “W ˆF rn´1s W Σn,n “ W
ΣW,ďn´1 Σn,ďn´1
W F rn´ 1s.
x
Πn
x
pW,n“△
Πn
The resulting tower of morphisms ΣW,ďn`1 Ñ W is indeed a family in F rnspW q, as a
result of Lemma 2.2. We claim thatW is the fine moduli space for F rns, and that the
family constructed above is the universal family over F rns. We prove this statement
by using this family over W to build the correspondence F rnspBq – MorpB,W q, for
any R-scheme B.
We start by constructing a functor map:
C1 : F rns Ñ Morp´,W q.
Let B be an R-scheme and ΣB,ďn`1 Ñ B a family in F rnspBq. We need to associate
a morphism B Ñ W to this family. The truncated family ΣB,ďn Ñ B is an element
of F rn´ 1spBq, so it corresponds uniquely to a morphism fn´1 : B Ñ F rn´ 1s that
gives the figure below. Now, recall that the family ΣB,ďn`1 Ñ B comes equipped
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with a section pn : B Ñ Σn, so we obtain the desired map fW : B Ñ W by composing
B
pn
ÝÑ ΣB,n
pr2ÝÝÑW :
ΣB,n Σn,n “ W
ΣB,ďn´1 Σn,ďn´1
B F rn´ 1s.
x
pr2
x
pn
fn´1
Second, we construct a functor map:
C2 : Morp´,W q Ñ F rns.
Let B be an R-scheme and f : B ÑW an R-morphism. We obtain a corresponding
family in F rnspBq by pulling back the family ΣW,ďn`1 Ñ W along f . The resulting
tower of morphisms is indeed a family in F rnspBq, as a result of Lemma 2.2:
ΣB,ďn`1 ΣW,ďn`1
B W.
x
p˚
W,‚
pW,‚
Now we want to show that the maps C1 and C2 are inverses of each other. Say we
start with a morphism f : B Ñ W . We construct a family over B by pulling back
ΣW,ďn`1 Ñ W along f , then use this family to obtain a corresponding morphism
fW : B ÑW :
ΣB,n`1 ΣW,n`1
ΣB,n ΣW,n Σn,n –W
ΣB,ďn´1 ΣW,ďn´1 Σn,ďn´1
B W F rn´ 1s.
x
x x
x x
pn
f
We prove that f “ fW , which concludes that C1 ˝ C2 “ id:
rB
fWÝÝÑW s “ rB
pnÝÑ ΣB,n Ñ ΣW,n Ñ Σn,ns
“ rB
f
ÝÑW
pW,n
ÝÝÝÑ ΣW,n Ñ Σn,ns
“ rB
f
ÝÑW
△
ÝÑW ˆF rn´1s W
pr2ÝÝÑW s
“ rB
f
ÝÑW s.
Say we start with a family over B in F rnspBq, denoted as ΣB,ďn`1 Ñ B. As before,
we obtain a corresponding morphism fW : B ÑW . We want to show that if we pull
back ΣW,ďn`1 ÑW along fW , we recover the same family we started with. Since the
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truncated family ΣB,ďn Ñ B is an object in F rn´ 1spBq, it corresponds uniquely to
a morphism f : B Ñ F rn´ 1s which gives this figure:
ΣB,n`1
ΣB,n Σn,n
ΣB,ďn´1 Σn,ďn´1
B F rn´ 1s.
x
pr2
x
f
pn
We first claim that the map B
f
ÝÑ F rn´ 1s factors as B
fWÝÝÑW
ΠnÝÝÑ F rn´ 1s. This
is true because of the following equivalence of maps:
rB
f
ÝÑ F rn´ 1ss “ rB
id
ÝÑ B
f
ÝÑ F rn´ 1ss
“ rB
pnÝÑ ΣB,n Ñ B
f
ÝÑ F rn´ 1ss
“ rB
pnÝÑ ΣB,n
pr2ÝÝÑ Σn,n
ΠnÝÝÑ F rn´ 1ss
“ rB
fWÝÝÑW
ΠnÝÝÑ F rn´ 1ss.
Since the morphism B
f
ÝÑ F rn ´ 1s factors as B
fWÝÝÑ W
ΠnÝÝÑ F rn ´ 1s, we can use
Lemma 2.3 repeatedly, from the bottom up, to recover the maps Σi Ñ ΣW,i, for all
i ď n, which make every rectangle in the figure below cartesian, and every triangle
commutative:
ΣB,n`1
ΣW,n`1
ΣB,ďn Σn,ďn
ΣW,ďn
B F rn´ 1s
W
f
fW Πn
Lastly, we need to show that the section pn : B Ñ ΣB,n is the pullback along
fW of the diagonal embedding pW,n “△: W Ñ ΣW,n “ W ˆF rn´1s W . This follows
from the figure below: by definition, fW is the composition B
pnÝÑ ΣB,n Ñ ΣW,n “
W ˆF rn´1sW Ñ Σn,n “W , so all maps in the figure commute as expected, and pn is
indeed the pullback of pW,n “△. By Lemma 2.2, we obtain that ΣB,n`1 is the pullback
of ΣW,n`1, and the proof of (i) is complete:
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B
ΣB,n W ˆF rn´1s W W
B W F rn´ 1s.
pn
id
fWˆfW
fW
fW
△
For part (ii) we show inductively that F rns and all the schemes in its universal
family are smooth and projective over Spec R. As the base case, recall that F r0s –
Spec R and Σ1,1 – S1 have this property. Inductively, assume that F rn´ 1s and all
the schemes in its universal family are smooth and projective over Spec R. From the
arguments above, F rns can be identified with the top scheme Σn,n over F rn´1s, hence
it is also smooth and projective. The first scheme in the universal family over F rns
is, by definition, Σn`1,1 – F rns ˆ S1. By construction, all the maps Σn`1,i Ñ F rns
are smooth (this is an application of Lemma 2.2), which means the corresponding
sections σn`1,i : F rns Ñ Σn`1,i are regular embeddings. Going up in the tower of
morphisms, we can conclude step by step that Σn`1,2, . . . ,Σn`1,n`1 are smooth and
projective, since each of them is obtained by blowing up a smooth projective scheme
along a smooth projective subscheme. This concludes claim (ii).
Lastly, we need to show that Πn : Σn,n – F rns Ñ F rn ´ 1s corresponds to the
forgetful functor F rns Ñ F rn ´ 1s. For any R-scheme B and any morphism f :
B Ñ F rns, let ΣB,ďn`1 Ñ B be its corresponding family in F rnspBq. The map
Πn˝f : B Ñ F rn´1s corresponds to the truncated family ΣB,ďn Ñ B in F rn´1spBq,
concluding part (iii):
Σn`1 Σn`1,n`1
Σďn Σn`1,ďn Σn,ďn
B F rns F rn´ 1s.
x
x x
f Πn

Remark 2.5. As a consequence of the construction in the proof of Theorem 2.4, we
obtain the following ascending ladder, where each square is cartesian:
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. . . Σ5,5
. . . Σ5,4 Σ4,4
. . . Σ5,3 Σ4,3 Σ3,3
. . . Σ5,2 Σ4,2 Σ3,2 Σ2,2
. . . Σ5,1 Σ4,1 Σ3,1 Σ2,1 Σ1,1
. . . F r4s F r3s F r2s F r1s F r0s.
pi5,5
x
pi5,4 pi4,4
x
pi5,3
x
pi4,3 pi3,3
x
pi5,2
x
pi4,2
x
pi3,2 pi2,2
x
pi5,1
x
pi4,1
x
pi3,1
x
pi2,1 pi1,1
Π4 Π3 Π2 Π1
In particular, since Σn,n – F rns, for all n ě 1, we obtain the following identification:
Σn`1,i – F rns ˆF ri´1s F ris, @1 ď i ď n ` 1.(1)
In light of Equation 1, we look back to the universal family over F rns and give
another description of the projection maps pin`1,˚ and the sections σn`1,˚. Before we
do so, we need to establish some notation:
Notation 2.6. Let B be an R-scheme. A family pΣB,i, pii, piq
n
i“1 in F rnspBq will
simply be denoted as pp1, . . . , pnq. Similarly, a B-point of Σn`1,i – F rns ˆF ri´1s F ris
will be denoted by pp1, . . . , pn; p
1
iq, with the understanding that pp1, . . . , pnq is the
corresponding point in F rns and pp1, . . . , pi´1, p
1
iq is the one in F ris.
Proposition 2.7. Let B be a R-scheme and pΣn`1,i, pin`1,i, σn`1,iq
n
i“1 the universal
family over the moduli scheme F rns. Using Notation 2.6 above, the morphisms pin`1,˚
and σn`1,˚ map B-points as follows:
(a) σn`1,i : F rnspBq Ñ Σn`1,ipBq maps pp1, . . . , pnq ÞÑ pp1, . . . , pn; piq;
(b) pin`1,i : Σn`1,ipBq Ñ Σn`1,i´1pBq maps pp1, . . . , pn; p
1
iq ÞÑ pp1, . . . , pn; p
1
iq, where
p1i : B Ñ ΣB,i´1 is the image of p
1
i under the projection map ΣB,i Ñ ΣB,i´1.
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Proof. (a) Let f : F rns Ñ F ris be the projection morphism which maps B-points
pp1, . . . , pnq ÞÑ pp1, . . . , piq. We have the following diagram:
F rns
Σn`1,i “ F rns ˆF ri´1s F ris Σi`1,i “ F ris ˆF ri´1s F ris
F rns F ris,
σn`1,i
id
△˝f
fˆid
pr
1
pr
1
f
△
where the section σn`1,i : F rns Ñ Σn`1,i is defined to be the unique morphism making
the two triangles of the diagram commute. It is therefore clear that σn`1,i maps a
B-point pp1, . . . , pnq of F rns to pp1, . . . , pn; piq P Σn`1,ipBq.
(b) We start by showing that the morphism pin`1,n`1 : Σn`1,n`1 Ñ Σn`1,n maps
B-points pp1, . . . , pn, pn`1q ÞÑ pp1, . . . , pn; pn`1q, where pn`1 is the image of pn`1 under
the projection map ΣB,n`1 Ñ ΣB,n. Since Σn`1,n “ F rns ˆF rn´1s F rns, it is enough
to show that:
pr1 ˝ pin`1,n`1 : pp1, . . . , pn`1q ÞÑ pp1, . . . , pn´1, pnq,
pr2 ˝ pin`1,n`1 : pp1, . . . , pn`1q ÞÑ pp1, . . . , pn´1, pn`1q.
The map pr1 ˝ pin`1,n`1 “ Πn`1 : Σn`1,n`1 Ñ F rns corresponds to the forgetful
functor F rn` 1s Ñ F rns (see Theorem 2.4), so the first claim above is true. To show
the second identity, let fn`1 : B Ñ F rn ` 1s be such a point and fn “ Πn`1 ˝ fn`1 :
B Ñ F rns be the ‘truncated‘ point. The maps fn`1 and fn produce the following
diagram, where pn`1 is the pullback of fn`1, and p1, . . . , pn are the pullbacks of
σn`1,1, . . . , σn`1,n, respectively:
B
ΣB,n`1 Σn`1,n`1 – F rn` 1s
ΣB,n Σn`1,n Σn,n – F rns
. . . . . . . . .
ΣB,1 Σn`1,1 Σn,1
B F rns F rn´ 1s.
pn`1
fn`1
pn
p1
id
pin`1,n`1
pr2
fn
σn`1,1
σn`1,n
12 MONICA MARINESCU
Notice the following maps are equivalent:
rB
fn`1
ÝÝÝÑ Σn`1,n`1
pin`1,n`1
ÝÝÝÝÝÑ Σn`1,n
pr2ÝÝÑ Σn,ns “
“ rB
pn`1
ÝÝÝÑ ΣB,n`1 Ñ Σn`1,n`1 Ñ Σn`1,n Ñ Σn,ns
“ rB
pn`1
ÝÝÝÑ ΣB,n`1 Ñ Σn Ñ Σn`1,n Ñ Σn,ns
“ rB
pn`1
ÝÝÝÑ ΣB,n Ñ Σn`1,n Ñ Σn,ns.
By the equivalence above, pr2 ˝ pin`1,n`1 maps a B-point pp1, . . . , pn`1q in Σn`1,n`1
to pp1, . . . , pn´1, pn`1q in Σn,n, and this concludes the proof of our initial statement.
The behavior of the more general map pin`1,i becomes clear from the following
cartesian square, in which the bottom horizontal maps is induced by the forgetful
map F rns Ñ F ri´ 1s:
Σn`1,i – F rns ˆF ri´1s F ris Σi,i – F ris
Σn,i´1 – F rns ˆF ri´2s F ri´ 1s Σi,i´1 – F ri´ 1s ˆF ri´2s F ri´ 1s.
pin`1,i pii,i

Notation 2.8. As a result of Proposition 2.7, we change notation and denote the
section σn`1,i as △i,n`1. We will use this notation throughout the rest of the paper.
3. Divisors of the moduli scheme
Definition 3.1. The moduli scheme F rns comes equipped with divisors D
pnq
i,j , @1 ď
i ă j ď n, which arise naturally from the construction outlined in the previous
section. We start by defining the divisors D
pnq
1,n, . . . , D
pnq
n´1,n. To do so, recall that for
all 1 ď i ď n´ 1, Σn,i`1 is obtained by blowing up the previous variety Σn,i along the
locus △i,n pF rn ´ 1sq. We define D
pnq
i,n on Σn,i`1 to be the exceptional divisor of this
blowup:
D
pnq
i,n Ă Bl△i,nΣn,i “ Σn,i`1 Σn,i F rn´ 1s.
△i,n
By abuse of notation, the divisor D
pnq
i,n on F rns “ Σn,n is the strict transform of
the exceptional divisor coming from Σn,i`1 in the tower of blowups Σn,n Ñ Σn,n´1 Ñ
¨ ¨ ¨ Ñ Σn,i`1.
We define the other divisors inductively as follows: given D
pn´1q
i,j on F rn´1s, where
j ď n´ 1, let D
pnq
i,j “ D
pn´1q
i,j ˆS1 be the divisor on Σn,1 “ F rn´ 1s ˆS1. By abuse of
notation, D
pnq
i,j Ă F rns “ Σn,n is defined as the strict transform of this divisor in the
tower of blowups Σn,n Ñ Σn,n´1 Ñ ¨ ¨ ¨ Ñ Σn,1.
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Proposition 3.2. For every n ě 1, the natural projection map F rns Ñ Sn1 is a
composition of blowups. Under this map, every divisor D
pnq
i,j is mapped surjectively
onto the diagonal △i,j.
Proof. In the previous section, we constructed a tower of blowups:
F rns “ Σn,n
pin,n
ÝÝÑ Σn,n´1
pin,n´1
ÝÝÝÝÑ ¨ ¨ ¨ Ñ Σn,2
pin,2
ÝÝÑ Σn,1 “ F rn´ 1s ˆ S1.
Inductively, using that F r0s – Spec R, we obtain a morphism F rns Ñ Sn1 that
decomposes as a series of blowups. Given the behavior of the maps pin,i, outlined in
Proposition 2.7, this map coincides with the natural projection morphism.
We show inductively on n that the projection morphism maps surjectively any
divisor D
pnq
i,j onto the diagonal △i,j. As the base case, recall that F r2s is isomorphic to
Bl△1,2pS1 ˆ S1q, and D
p2q
1,2 is the exceptional divisor of this blowup. For the induction
step, consider a divisor D
pnq
i,j of the moduli space F rns. If j ă n, then, by construction,
the morphism Σn,n Ñ Σn,1 “ F rn´1sˆS1 maps D
pnq
i,j ÞÑ D
pn´1q
i,j ˆS1, so the conclusion
follows. If j “ n, the divisor D
pnq
i,n on F rns “ Σn,n is the strict transform of the
exceptional divisor:
D
pnq
i,n Ă Bl△i,nΣn,i “ Σn,i`1 Σn,i F rn´ 1s.
△i,n
Given the behavior of the maps pin,i, outlined in Proposition 2.7, the projection
morphism F rns “ Σn,n Ñ Σn,i Ñ S
n
1 maps D
pnq
i,n Ă Σn,n onto the blowup locus
△i,n pF rn ´ 1sq Ă Σn,i, which is then mapped onto the diagonal △i,nĂ S
n
1 , and the
proof is complete. 
Proposition 3.3. (a) Let 1 ď i ă j ă n, 1 ď k ď n. The divisor D
pnq
i,j Ă Σn,k is the
inverse image of D
pn´1q
i,j Ă F rn´ 1s under the projection map Σn,k Ñ F rn´ 1s.
(b) Let 1 ď i ă k ď n. The divisor D
pnq
i,n Ă Σn,k is the inverse image of the
exceptional divisor D
pnq
i,n Ă Σn,i`1 under the projection map Σn,k Ñ Σn,i`1.
Proof. (a) When k “ 1, we defined the divisor on Σn,1 “ F rn ´ 1s ˆ S1 to be
D
pnq
i,j “ D
pn´1q
i,j ˆ S1, so the conclusion holds. When k ą 1, recall that we have the
following figure:
Σn,k`1 “ Bl△k,nΣn,k Σn,k F rn´ 1s.
pin,k`1
△k,n
The divisor D
pnq
i,j Ă Σn,k`1 is the strict transform of the divisor with the same
name coming from Σn,k. We claim that the strict transform coincides with the total
transform. By construction, the moduli space F rn´1s is irreducible and the map △k,n
is a regular embedding, so the exceptional divisor D
pnq
k,n of the blowup Σn,k`1 Ñ Σn,k
is also irreducible. Hence, the only way statement (a) could fail is if the exceptional
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divisor D
pnq
k,n Ă Σn,k`1 is completely contained in the inverse image pi
´1
n,k`1pD
pnq
i,j q, which
could happen only if the blowup locus △k,n pF rn´1sq Ă Σn,k was completely contained
in D
pnq
i,j . However, the projection Σn,k Ñ F rn ´ 1s maps △k,n pF rn´ 1sq։ F rn´ 1s
and D
pnq
i,j ։ D
pn´1q
i,j , so the induction step is complete and claim (a) is correct.
(b) When k ą i` 1, we have a similar picture as before:
Σn,k`1 “ Bl△k,nΣn,k Σn,k F rn´ 1s.
pin,k`1
△k,n
The divisor D
pnq
i,n Ă Σn,k`1 is defined to be the strict transform of the divisor with
the same name coming from Σn,k. Using the same argument as in (a), it is enough to
prove that the blowup locus △k,n pF rn´ 1sq is not fully contained in D
pnq
i,n . We prove
this inductively over k “ i` 1, . . . , n.
When k “ i`1, a B-point of D
pnq
i,n Ă Σn,i`1 is of the form pp1, . . . , pn´1; p
1
i`1q, where
p1i`1 P Σi`1 maps to pi under the projection map ΣB,i`1 Ñ ΣB,i, and a B-point of
△i`1,n pF rn´1sq Ă Σn,i`1 is of the form pp1, . . . , pn´1; pi`1q. Clearly △i`1,n pF rn´1sq
is not fully contained in D
pnq
i,n .
In the induction step, we know that D
pnq
i,n Ă Σn,k is the inverse image of the ex-
ceptional divisor of the blowup Σn,i`1 Ñ Σn,i, hence a B-point of D
pnq
i,n Ă Σn,k can
be summarized as pp1, . . . , pn´1; p
1
kq, where p
1
k P ΣB,k maps to pi under the projection
map ΣB,k Ñ ΣB,i. We conclude △k,n pF rn´ 1sq Ć D
pnq
i,n and the proof is complete.

Proposition 3.4. Let 1 ď i ă j ď n and D
pnq
i,j be a divisor of F rns as defined above.
A B-point of F rns, denoted by a tuple pp1, p2, . . . , pnq consistent with Notation 2.6,
is a point of D
pnq
i,j if and only if the projection ΣB,j Ñ ΣB,i maps the point pj to the
point pi.
Proof. When j ă n, D
pnq
i,j is the inverse image of D
pn´1q
i,j under the forgetful map
F rns Ñ F rn ´ 1s. Hence we can assume without loss of generality that j “ n. By
Proposition 3.3, the divisor D
pnq
i,n Ă F rns “ Σn,n is the inverse image of the blowup
locus △i,n pF rn´ 1sq Ă Σn,i under the projection map Σn,n Ñ Σn,i:
D
pnq
i,n “ pr
´1p△i,n pF rn´ 1sq Ă Σn,n Σn,i F rn´ 1s.
pr
△i,n
By Proposition 2.7, the morphism Σn,n Ñ Σn,i maps points pp1, . . . , pn´1, pnq ÞÑ
pp1, . . . , pn´1; pnq, where pn P ΣB,i is the projection of pn under the map ΣB,n Ñ ΣB,i.
On the other hand, the section △i,n: F rn ´ 1s Ñ Σn,i maps points pp1, . . . , pn´1q ÞÑ
pp1, . . . , pn´1; piq. In conclusion, a B-point F rns is a point of D
pnq
i,n if and only if
pn Ñ pi under the map ΣB,n Ñ ΣB,i. 
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Proposition 3.5. Let 1 ď i ă j ď n. The divisor D
pnq
i,j Ă F rns is smooth over
Spec R.
Proof. We prove this statement inductively over n. When n “ 2, we have only one
divisor of this form, namely D
p2q
1,2, which is the exceptional divisor of the blowup of
S1 ˆ S1 along the diagonal, so it is clearly smooth. Inductively, we need to analyze
two cases: either j ă n or j “ n.
Assume j ă n. We show inductively over k that D
pnq
i,j Ă Σn,k is smooth. As the
base case k “ 1, recall that the divisor D
pnq
i,j Ă Σn,1 “ F rn ´ 1s ˆ S1 is defined
to be D
pn´1q
i,j ˆ S1, hence it is smooth by the induction hypothesis. Now assume
D
pnq
i,j Ă Σn,k is smooth. We know that Σn,k`1 “ Bl△k,nΣn,k and D
pnq
i,j Ă Σn,k`1 is the
strict transform of the divisor with the same name coming from Σn,k. We claim that
smoothness is preserved because the intersection of this divisor with the blowup locus
D
pnq
i,j X △k,n pF rn ´ 1sq inside Σn,k is itself smooth. In fact, we show it satisfies the
following isomorphism:
D
pnq
i,j X △k,n pF rn´ 1sq – D
pn´1q
i,j .
As a result of Proposition 2.7 and Proposition 3.3, a B-point of D
pnq
i,j Ă Σn,k has
the form pp1, . . . , pn´1; p
1
kq, where pj Ñ pi under the projection map ΣB,j Ñ ΣB,i, and
a B-point of △k,n pF rn ´ 1sq Ă Σn,k has the form pp1, . . . , pn´1; pkq. In conclusion,
a B-point of D
pnq
i,j X △k,n pF rn ´ 1sq can be summarized as pp1, . . . , pn´1; pkq, where
pj Ñ pi under the projection map ΣB,j Ñ ΣB,i. This means the functors of points
of D
pnq
i,j X △k,n pF rn ´ 1sq and D
pn´1q
i,j are isomorphic, hence the two schemes are
isomorphic, proving our claim.
Now assume that j “ n. We show inductively that D
pnq
i,n Ă Σn,k is smooth, for
all i ` 1 ď k ď n. When k “ i ` 1, D
pnq
i,n Ă Σn,i`1 is the exceptional divisor of
the blowup of Σn,i along the locus △i,n pF rn ´ 1sq. By Theorem 2.4, Σn,i is smooth
and the blowup locus △i,n pF rn ´ 1sq is regularly embedded, so this exceptional
divisor D
pnq
i,n Ă Σn,i`1 is smooth. For the induction step we show, as before, that the
intersection D
pnq
i,j X △k,n pF rn ´ 1sq Ă Σn,k satisfies the following isomorphism, and
hence it is smooth:
D
pnq
i,nX △k,n pF rn´ 1sq – D
pn´1q
i,k .
As a result of Proposition 2.7 and Proposition 3.3, a B-point of D
pnq
i,n Ă Σn,k has
the form pp1, . . . , pn´1; p
1
kq, where p
1
k Ñ pi under the projection map ΣB,k Ñ ΣB,i, and
a B-point of △k,n pF rn ´ 1sq Ă Σn,k has the form pp1, . . . , pn´1; pkq. In conclusion,
a B-point of D
pnq
i,nX △k,n pF rn ´ 1sq can be identified as pp1, . . . , pn´1; pkq, where
pk Ñ pi under the projection map ΣB,k Ñ ΣB,i. This means the functors of points
of D
pnq
i,j X △k,n pF rn ´ 1sq and D
pn´1q
i,k are isomorphic, hence the two schemes are
isomorphic. 
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4. The Chow ring of the moduli scheme
In this section we assume that the underlying ring R is an algebraically closed
field k. In this new setup, the moduli space F rns and all the schemes in its universal
family are smooth projective varieties.
The main result here is that the Chow ring of the moduli space F rns is generated
by the classes of the divisors tD
pnq
i,j u1ďiăjďn over the Chow ring A
˚pSn1 q. We conclude
the section by proving certain key relations among these classes in the Chow ring
A˚pF rnsq. In the next and final section, we prove that these relations are sufficient
to give a precise description of the Chow ring A˚pF rnsq in the special case where S1
is a rational surface and the base field is the complex numbers C.
We start with a theorem by Keel, which is the key ingredient in our proof:
Theorem 4.1. Let Y be a variety and let i : X ãÑ Y be a regularly embedded
subvariety. Let Y˜ be the blowup of Y along X. Suppose the map of bivariate rings
i˚ : A˚pY q Ñ A˚pXq is surjective. Then:
A˚pY˜ q –
A˚pY qrT s
pP pT q, T ¨ kerpi˚qq
,
where P pT q P A˚pY qrT s is any polynomial whose constant term is rXs and whose
restriction to A˚pXq is the Chern polynomial of the normal bundle N “ NXY , i.e.:
i˚P pT q “ T d ` T d´1c1pNq ` ¨ ¨ ¨ ` cd´1pNqT ` cdpNq,
where d “ codimpX, Y q. This isomorphism is induced by
pi˚ : A˚pY qrT s Ñ A˚pY˜ q
and by sending ´T to the class of the exceptional divisor.
Proof. See [4], Appendix, Theorem 1. 
Remark 4.2. The moduli space F rns is a smooth projective variety, for any n ě 1,
hence its bivariate ring A˚pF rnsq is isomorphic to its Chow ring CH˚pF rnsq (see [3],
Ch. 17).
Corollary 4.3. Let 1 ď i ă n. Let Σn,i`1 and Σn,i be two of the varieties in the
universal family over the moduli variety F rn ´ 1s. The Chow ring of Σn,i`1 has the
following description:
A˚pΣn,i`1q –
A˚pΣn,iqrD
pnq
i,n s
xPi,np´D
pnq
i,n q, D
pnq
i,n ¨ kerp△
˚
i,nqy
,
where Pi,n is a quadratic polynomial with coefficients in A
˚pΣn,iq.
Proof. In the universal family over the moduli variety F rn´1s, Σn,i`1 is the blowup of
Σn,i along the locus △i,n pF rn´1sq, and the corresponding exceptional divisor is D
pnq
i,n .
By Theorem 2.4, Σn,i is a variety and △i,n: F rn´ 1s ãÑ Σn,i is a regularly embedded
subvariety. Additionally, △i,n is a section of the projection Σn,i Ñ F rn ´ 1s, hence
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the corresponding map on Chow rings △˚i,n: A
˚pΣn,iq Ñ A
˚pF rn ´ 1sq is surjective.
The conclusion follows immediately as an application of Theorem 4.1. 
Remark 4.4. By Proposition 3.3, the induced map on Chow rings: pi˚n,i`1 : A
˚pΣn,iq Ñ
A˚pΣn,i`1q sends the class of any divisor D
pnq
j,k to the class of the divisor with the same
name inside A˚pΣn,iq. This means that the notation remains consistent in all state-
ments of this section.
Theorem 4.5. With notation as in Corollary 4.3, the Chow ring of the moduli space
F rns is as follows:
A˚pF rnsq –
A˚pSn1 qrD
pnq
i,j s1ďiăjďn
xD
pnq
i,j ¨ kerp△
˚
i,jq, Pi,jp´D
pnq
i,j q1ďiăjďny
.
Proof. To generalize Corollary 4.3, we first need to give an alternative way of defining
the divisors D
pnq
i,j Ă F rns. Recall that the natural projection map F rns Ñ S
n
1 decom-
poses as a series of blowups; more specifically, we encounter the following situation:
F rns “ Σn,n . . . Σj,i`1 ˆ S
n´j
1 Σj,i ˆ S
n´j
1 . . . F rjs ˆ S
n´j
1 Ñ ¨ ¨ ¨ Ñ S
n
1 .
△i,jˆid
The scheme Σj,i`1ˆpS1q
n´j is the blowup of Σj,iˆpS1q
n´j along the locus △i,j ˆid.
We define D
pnq
i,j Ă Σj,i`1 ˆ pS1q
n´j to be the exceptional divisor of this blowup. By
abuse of notation, we define D
pnq
i,j Ă F rns “ Σn,n to be the strict transform of this
exceptional divisor in the tower of blowups. Following an identical argument as the
one in Proposition 3.3, more is true: D
pnq
i,j Ă F rns is actually the full inverse image
of the exceptional divisor in the tower of blowups. Therefore, by Theorem 4.1, we
conclude that:
A˚pΣj,i`1 ˆ S
n´j
1 q –
A˚pΣj,i ˆ S
n´j
1 qrD
pnq
i,j s
xPi,jp´D
pnq
i,j q, D
pnq
i,j ¨ kerp△
˚
i,jqy
,
where Pi,j is a quadratic polynomial with coefficients in A
˚pΣj,i ˆ pS1q
n´jq.
Applying this procedure step by step from Sn1 all the way up to Σn,n “ F rns,
we immediately obtain the desired formula for the Chow ring of the moduli variety
F rns. 
Proposition 4.6. Let d be a divisor class of S1 and d
˚
i P A
˚pF rnsq the image of d
under the composed projection F rns Ñ Sn1
priÝÑ S1. The following relations hold in the
Chow ring A˚pF rnsq:
(i) D
pnq
i,j d
˚
i “ D
pnq
i,j d
˚
j , @1 ď i ă j ď n;
(ii) D
pnq
i,j D
pnq
j,k “ D
pnq
i,kD
pnq
j,k , @1 ď i ă j ă k ď n.
Proof. (i) This is true because the natural projection F rns Ñ Sn1 maps D
pnq
i,j surjec-
tively onto the diagonal △ij, for all 1 ď i ă j ď n.
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(ii) Intuitively, the relation holds because the left-hand side parametrizes tuples
pp1, . . . , pnq in which pj ÞÑ pi and pk ÞÑ pj, while the right-hand side parametrizes
tuples in which pk ÞÑ pi and pk ÞÑ pj.
We first reduce the proof to the case where k “ n. If k ă n, we can assume
inductively that a similar relation holds in the Chow ring of F rn´ 1s:
D
pn´1q
i,j D
pn´1q
j,k “ D
pn´1q
i,k D
pn´1q
j,k .
Now recall that inside the variety Σn,1 “ F rn´1sˆS1, the divisors D
pnq
i,j , D
pnq
i,k , D
pnq
j,k
are defined to be D
pn´1q
i,j ˆ S1, D
pn´1q
i,k ˆ S1, D
pn´1q
j,k ˆ S1, respectively, so relation (ii)
holds inside the Chow ring A˚pΣn,1q. By Remark 4.4, the same relation lifts to the
Chow ring A˚pF rS1, nsq.
We are left to show that (ii) holds when k “ n. By Remark 4.4, it suffices to show
it holds inside the Chow ring of Σn,j`1. The Chow ring of Σn,j`1 is given as follows:
A˚pΣn,j`1q –
A˚pΣn,jqrD
pnq
j,n s
xPj,np´D
pnq
j,n q, D
pnq
j,n ¨ kerp△
˚
j,nqy
,
hence we need to show that:
D
pnq
i,j ´D
pnq
i,n P kerp△
˚
j,n: A
˚pΣn,jq Ñ A
˚pF rn´ 1sqq.
Consider first the following diagram:
D
pnq
i,n Ă Σn,i`1 Σj,i`1 Ą D
pjq
i,j
Σn,i Σj,i
F rn´ 1s F rj ´ 1s.
x
x
△i,n △i,j
The bottom square is cartesian and the section △i,n is the pullback of △i,j along
the projection map F rn´ 1s Ñ F rj ´ 1s, hence the exceptional divisor D
pnq
i,n Ă Σn,i`1
is the pullback of the exceptional divisor D
pjq
i,j Ă Σj,i`1. In other words, D
pnq
i,n –
F rn´ 1s ˆF rj´1sD
pjq
i,j inside Σn,i`1. This relation lifts to Σn,j. On the other hand, we
have that Σn,j – F rn´ 1s ˆF rj´1s F rjs. By Proposition 3.3, under this isomorphism,
D
pnq
i,j – D
pn´1q
i,j ˆF rj´1s F rjs.
In conclusion, inside Σn,j – F rn´1sˆF rj´1sF rjs, we have D
pnq
i,j – D
pn´1q
i,j ˆF rj´1sF rjs
and D
pnq
i,n – F rn ´ 1s ˆF rj´1s D
pjq
i,j . Additionally, the morphism △j,n: F rn ´ 1s Ñ
Σn,j “ F rn´ 1s ˆF rj´1s F rjs acts like a ‘truncated‘ diagonal embedding, so the proof
is complete:
D
pnq
i,j ´D
pnq
i,n P kerp△
˚
j,n: A
˚pΣn,jq Ñ A
˚pF rn´ 1sqq. 
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5. The Chow ring of the moduli scheme for rational surfaces
As a special case of the theory developed above, we give a precise description of
the Chow ring A˚pF rnsq when the base surface S1 is a smooth projective rational
surface over the complex numbers (Spec R “ Spec C). The result relies on a few
key ideas. First, the canonical map cl : A˚pF rnsq Ñ H2˚pF rnsq is an isomorphism.
Second, for some prime p and any q “ pl, where l " 0, we can define the moduli space
F rnsbFq over the finite field Fq. The number of Fq-points on F rnsbFq is given by a
polynomial Rnpqq that coincides with the Poincare polynomial of F rns. We use this
fact to derive precise formulas for the Betti numbers of F rns; using these formulas, we
show that the relations in Proposition 4.6 are enough to give a complete description
of A˚pF rnsq.
Definition 5.1. A scheme X of characteristic zero is called an HI (for Homology Iso-
morphism) scheme if the canonical map from the Chow groups of X to the homology
groups is an isomorphism:
A˚pXq
–
ÝÑ
cl
H2˚pXq.
Proposition 5.2. Let Y be a variety and i : X ãÑ Y a regularly embedded subvariety.
Let Y˜ be the blowup of Y along X. If X and Y are HI schemes, then so is Y˜ .
Proof. See [4], Appendix, Theorem 2. 
Proposition 5.3. Let S1 be a smooth projective variety over an algebraically closed
field k of characteristic zero. If Sn1 is an HI scheme, for all n ě 0, then so is F rns.
Proof. We prove inductively over n something stronger: @n, j ě 0, the variety F rnsˆ
S
j
1 is an HI scheme. The base cases follow immediately, since F r0s – Spec k and
F r1s – S1.
For the induction step, assume that F rnsˆSj1 is an HI scheme, for all j ě 0. Recall
that we can obtain F rn` 1s from F rns ˆ S1 as a series of blowups:
F rn` 1s “ Σn`1,n`1 Σn`1,n . . . Σn`1,2 Σn`1,1 “ F rns ˆ S1
F rns.
△1,n`1
△2,n`1
△n,n`1
By the induction hypothesis, F rns and F rns ˆ S1 are HI varieties. By Theo-
rem 2.4, the blowup locus △i,n`1: F rns ãÑ Σn`1,i is a regular embedding, for all
1 ď i ď n. Applying Proposition 5.2 repeatedly, we conclude step by step that
Σn`1,2,Σn`1,3, . . . ,Σn`1,n`1 – F rn ` 1s are all HI varieties. More generally, we con-
clude that F rn ` 1s ˆ Sj1 is an HI variety by considering a similar figure to the one
above. 
Proposition 5.4. Let k ě 1 and S1, . . . , Sk be complex smooth projective rational
surfaces. Then
śk
i“1 Si is an HI variety.
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Proof. We prove this statement inductively over k. Let S be a complex smooth
projective rational surface. By the Enriques-Kodaira classification of complex sur-
faces (see[1], Part VI), there exist smooth projective surfaces Sn´1, . . . , S1, S0, and
morphisms S “ Sn Ñ Sn´1 Ñ ¨ ¨ ¨ Ñ S1 Ñ S0, such that each Si`i Ñ Si is the
contractions of a (´1)-curve and S0 is a minimal rational surface (either P
2 or the
Hirzebruch surface Fa, for a “ 0 or a ě 2). Both P
2 and Fa have algebraic cell
decompositions (since they are toric), which means they are HI varieties. We apply
Proposition 5.2 repeatedly, obtaining step by step that S1, S2, . . . , Sn “ S are HI va-
rieties, since each of them is obtained by blowing up a smooth HI surface at a smooth
point.
Inductively, let S1, . . . , Sk be complex smooth projective rational surfaces. As
before, each surface Si is obtained by blowing up a minimal rational surface Si,0.
The product
śk
i“1 Si is thus obtained through series of blowups of the base productśk
i“1 Si,0, which is an HI variety because it admits a cell decomposition. Every blowup
locus is, by the induction hypothesis, an HI variety. We apply again Proposition 5.2
repeatedly and conclude that every variety in the sequence of blowups is HI, finishing
the proof. 
Corollary 5.5. Let S1 be a complex smooth projective rational surface and F rS1, ns “
F rns its associated moduli variety. There exists a canonical isomorphism:
A˚pF rnsq
–
ÝÑ H2˚pF rnsq.
Proof. This is an immediate result of Proposition 5.3 and Proposition 5.4. 
Setup 5.6. Let S be a complex surface. There exists R Ă C a finitely generated
Z-algebra such that S is defined over R, i.e. there exists a surface SR over Spec R
such that the following square is cartesian:
S SR
Spec C Spec R.
x
For any m Ă R maximal ideal, the field κpmq “ R{m is finite, so there exists some
prime p and q “ pl, where l " 0, such that κpmq Ď Fq. We obtain the following
figure:
S SR Sκpmq SFq SFq
Spec C Spec R Spec κpmq Spec Fq Spec Fq.
x y y y
For the rest of this section, when we say a complex surface S can be defined as a
surface SFq over a finite field Fq, it means we do a procedure as above.
Proposition 5.7. Let S be a complex smooth projective rational surface. There exists
a prime integer p and q “ pl, for some l " 0, such that S can be defined as a smooth
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projective rational surface SFq over Spec Fq. For this choice of p and q, there exists
a quadratic polynomial rptq with the property that, for any a ě 1 and q1 “ qa, the
number of Fq1-points on SFq1 equals rpq
1q.
Proof. Let S be a complex smooth projective rational surface. By the Enriques-
Kodaira classification of surfaces, there exist complex smooth projective surfaces
Sn´1, . . . , S1, S0, and a sequence of morphisms S “ Sn Ñ Sn´1 Ñ ¨ ¨ ¨ Ñ S1 Ñ
S0 Ñ Spec C, such that each Si`i Ñ Si is the contractions of a (´1)-curve and S0 is
a minimal rational surface. As in the Setup 5.6 above, we can find R Ă C a finitely
generated Z-algebra such that all the surfaces Si are defined over Spec R. Moreover,
we can pick R in such a way that, if S0 is P
2 or Fa, then the surface S0,R is either P
2
R
or Fa,R, respectively:
Sn Sn,R Sn,κpmq Sn,Fq Sn,Fq1
...
...
...
...
...
S1 S1,R S1,κpmq S1,Fq S1,Fq1
S0 S0,R S0,κpmq S0,Fq S0,Fq1
Spec C Spec R Spec κpmq Spec Fq Spec Fq1.
x y y y
x y y y
x y y y
In every blowup Si`1 Ñ Si, we replace one smooth point of Si with a copy of P
1,
so the number of Fq1-points on SFq1 is given by a polynomial rpq
1q that satisfies:
rpq1q “
#
pq1q2 ` pn` 1qq1 ` 1, if S0 “ P
2,
pq1q2 ` pn` 2qq1 ` 1, if S0 “ Fa.

Proposition 5.8. Let S1 be a complex smooth projective rational surface. Let p, q,
and rptq be defined as in Proposition 5.7.For any a ě 1 and q1 “ qa, the number of Fq1-
points on the moduli space F rnsFq1 “ F rS1,Fq1 , ns is given by the following polynomial
Rnpqq:
Rnpq
1q “
n´1ź
i“0
prpq1q ` iq1q.
Proof. We prove the statement inductively, using the fact that the number of Fq1-
points of S1,Fq1 blown up at n points equals rpq
1q ` nq1. When n “ 1, F r1sFq1 – S1,Fq1
has exactly rpq1q points over Fq1. For the induction step we need to show that:
Rn`1pq
1q “ Rnpq
1qprpq1q ` nq1q.
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To see this, recall that we have a forgetful map F rn` 1sFq1 Ñ F rnsFq1 . Under this
map, the fiber of any point x “ pp1, . . . , pnq P F rnsFq1 is isomorphic to the blown up
surface Sn`1,Fq1 , so it has rpq
1q ` nq1 rational points. 
Definition 5.9. Let X be a smooth, irreducible complex algebraic variety. The
Poincare´ polynomial of X is:
PXpqq “
2 dimXÿ
i“1
biq
i,
where bi is the rank of the i
th singular homology group H ipX,Zq.
Lemma 5.10. Let S1 be a complex smooth projective rational surface. Let p be
a prime integer and q “ pl, as in Proposition 5.7. The Poincare´ polynomial of
F rns “ F rS1, ns, denoted by Pnpqq, coincides with the polynomial Rnpqq which gives
the number of Fq-points on the moduli space F rnsFq.
Proof. Let X “ F rns “ F rS1, ns be the moduli variety corresponding to S1 over
Spec C. We can regard S1 as a rational surface S1,Fq over Fq, as in Proposition 5.7
above. Let XFq be the moduli space associated to S1,Fq . Since X is smooth and
projective, the Betti numbers corresponding to the l-adic cohomology (where l ‰ 0
mod p) are independent of l, and coincide with the Betti numbers corresponding to
the ordinary (integral) cohomology of the topological space X (see [5]):
bi “ rk H
ipX,Zq “ rk H ipX,Qq “ rk H ie´tpXFp,Qlq.
One the other hand, recall the Grothendieck-Lefschetz Trace Formula (see [5], Thm.
13.4, p. 292), which states the following:
#XpFqq “
2nÿ
i“0
p´1qitrpFrobq|H
i
cpXFq ,Qlqq.
Since X is proper, H icpXFq ,Qlq “ H
ipXFq ,Qlq. Moreover, as a consequence of the
Weil conjectures (see [2]), we have:
trpFrobq|H
ipXFq ,Qlqq “ zi,1 ` ¨ ¨ ¨ ` zi,bi ,
where zi,1, . . . , zi,bi are the eigenvalues of the Frobenius map, and they satisfy |zi,j| “
qi{2, for all j. Now, if we replace the field Fq by Fq1, where q
1 “ qa, then:
trpFrobqa |H
ipXFqa ,Qlqq “ z
a
i,1 ` ¨ ¨ ¨ ` z
a
i,bi
.
In conclusion, for all a ě 1, Rnpq
aq “
ř2n
i“1p´1q
i
řbj
j“0 z
a
i,j , where |zi,j | “ q
i{2, @i, j.
It follows immediately that H2i`1pXFqa ,Qlq “ 0, for all i and l ‰ 0 mod p, and
z2i,j “ q
i, for all i, j. With this, we conclude our statement:
Rnpqq “ Pnpqq “
nÿ
i“1
b2iq
i.

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Let rpqq “ q2`kq`1 be the Poincare´ polynomial of S1. This means that A
˚pS1,Zq
is generated in degree 1 by k classes d1, . . . , dk, and by one class in degree 2.
Theorem 5.11. Let S1 be a complex smooth projective rational surface. Let Π :
F rns Ñ Sn1 be the natural projection map and pri : S
n
1 Ñ S1 the projection onto the
i-th copy, @1 ď i ď n. Let pr˚i ˝Π
˚ : A˚pS1q Ñ ApF rnsq be the induced map on Chow
rings and di,1, . . . , di,k the images of the classes d1, . . . , dk, respectively. The Chow
ring of the moduli space A˚pF rnsq is:
A˚pF rnsq –
pA˚pS1qq
bnrD
pnq
i,j s1ďiăjďn
xD
pnq
j,k pD
pnq
i,j ´D
pnq
i,k q, D
pnq
j,k pdi,j ´ di,kq, Pi,jp´D
pnq
i,j qy
.
Proof. Let R “
pA˚pS1qqbnrD
pnq
i,j s1ďiăjďn
xD
pnq
j,k
pD
pnq
i,j ´D
pnq
i,k
q,D
pnq
j,k
pdi,j´di,kq,Pi,jp´D
pnq
i,j qy
. We claim the following compo-
sition of morphisms is an isomorphism, after tensoring by Q:
R։ A˚pF rns,Zq
–
ÝÑ H˚pF rns,Zq։ H˚pF rns,Qq.
By Theorem 4.5, we know that A˚pF rnsq is generated over A˚pSn1 q by the classes of
the divisors tD
pnq
i,j u1ďiăjďn. Moreover, by Proposition 4.6, we know that the following
relations hold in the Chow ring A˚pF rnsq:
D
pnq
j,k pdi,j ´ di,kq “ 0
D
pnq
j,k pD
pnq
i,j ´D
pnq
i,k q “ 0(2)
Pi,jp´D
pnq
i,j q “ 0.
We show that the relations above are sufficient by looking at the Betti numbers of
the moduli space F rns. By definition, the j-th Betti number of F rns, denoted by bn,j ,
represents the number of codimension j linearly independent generators of A˚pF rnsq
as a Z-module. We obtain the following recursive relation from Proposition 5.8:
bn`1,j “ bn,j ` pn` kqbn,j´1 ` bn,j´2.
We give the following interpretation to the relation above: consider the map on
Chow rings Π˚n`1 : A
˚pF rnsq Ñ A˚pF rn` 1sq corresponding to the forgetful functor.
Compared to the moduli space F rns, the space F rn ` 1s has n ` k extra divisors:
dn`1,1, . . . , dn`1,k, D
pn`1q
1,n`1, . . .D
pn`1q
n,n`1. A generator in A
jpF rn ` 1sq is either a class
inherited from AjpF rnsq under the map Π˚n`1 (this accounts for bn,j generators), or
it is a product between a generator class coming from Aj´1pF rnsq and one of the
n`k new divisor classes (this accounts for pn`kqbn,j´1 generators), or it is a product
between a generator class coming from Aj´2pF rnsq and the one generator class coming
from A2pS1q under the projection map prn`1 : S
n`1
1 Ñ S1 (this accounts for bn,j´2
generators). It is easy to see that these are the only generators, since the divisors
D
pnq
i,j satisfy the identities of Equation 2. 
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Corollary 5.12. When S1 “ P
2
C, the Chow ring of the moduli space A
˚pF rP2, nsq is:
A˚pF rP2, nsq –
ZrH˚i , D
pnq
j,k s1ďiďn,1ďjăkďn
xD
pnq
j,k pD
pnq
i,j ´D
pnq
i,k q, D
pnq
j,k pH
˚
j ´H
˚
k q, H
˚3
i , Pi,jp´D
pnq
i,j qy
,
where, @1 ď i ď n, H˚i is the image of the hyperplane class H P A
˚pP2q under the
composition F rP2, ns Ñ pP2qn
priÝÑ P2.
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